Abstract. Let X 1 (M ) be the space of C 1 -vector fields on M endowed with the C 1 -topology and let Λ be an isolated set for a X ∈ X 1 (M ). In this paper, we directly prove that every X ∈ X 1 (M ) having the (asymptotic) average shadowing property in Λ has no proper attractor in Λ. Our proof is a direct version of the results by Gu and Ribeiro (see [4, 5, 7] ). We also show that every X ∈ X 1 (M ) having the (two-sided) limit shadowing property with a gap in Λ is topologically transitive and has the shadowing property in Λ.
Introduction
Let M be a closed n-dimensional Riemannian manifold , where n ≥ 3. We denote by X r (M ) the set of all C r -vector fields on M endowed with the C r -topology and denote by X t the flow of X ∈ X r (M ). Recall that X r (M ) is a Baire space and every resideul subset of X r (M ) is dense. Blank introduced the notion of the average shadowing property in studying the chaotic dynamical systems and showed that certain kinds of perturbed hyperbolic systems have the average shadowing property (see [1, 2] ). Later, Gu posed the notion of asymptotic average shadowing property for flows and showed that a flow with the (asymptotic) average shadowing property is chain transitive (see [4, 5] ). In [7] , Riberio showed that a vector field X is chain transitive in an isolated set Λ if and only if Λ has no proper attractor for X. He also proved that a C 1 -vector field with the limit shadowing property has no proper attractor. Combining the results by Gu and Ribeiro, it is proved that the (asymptotic) average shadowing property in an isolated set has no proper attractor in the set.
In this article, we directly prove that every C 1 -vector field X ∈ X 1 (M ) having the (asymptotic) average shadowing property in Λ has no proper attractor. Recently the authors in [3] introduced the notion of the two-sided limit shadowing property with a gap for discrete dynamical system and studied several properties related to this. We will generalize this notion to vector fields for an isolated set and prove that every X ∈ X 1 (M ) with the (two sided) limit shadowing property with a gap is topologically transitive and has the shadowing property in Λ. We say that an invariant set Λ ⊂ M is isolated for a vector field X if there exists an open subset U of M such that Λ = t∈R X t (U ). Now we describe the notions of several shadowing properties.
Fix a δ > 0. We say that a sequence {(x i , t i )} i∈Z of points x i ∈ M and positive integers t i is a δ-pseudo orbit of a vector field X if for all i ∈ Z we have
Define the sequence (s n ) n∈Z by
A δ-pseudo orbit {(x i , t i )} i∈Z of X is ε-shadowed by the orbit through a point x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that
Let Λ be an isolated set for X ∈ X 1 (M ). We say that the vector field X has the shadowing property in Λ, if for any ε > 0 there is a δ > 0 such that every δ-pseudo orbit of X in Λ is ε-shadowed by some real orbit of X in Λ. If Λ = M , then we say that X has the shadowing property. A vector field X is called to be chain transitive in Λ if for any x, y ∈ Λ and any δ > 0 there is a finite δ-pseudo orbit {(x i , t i )} 0≤i≤K of X in Λ such that x 0 = x and x K = y, where K ∈ Z + . If Λ = M , then we say that X is chain transitive.
A sequence {(x i , t i )} i∈Z is called a δ-average-pseudo orbit of a vector field X if t i ≥ 1 for every i ∈ Z and there exists a positive integer N such that for any n ≥ N and k ∈ Z it satisfies
A δ-average-pseudo orbit {(x i , t i )} i∈Z of a vector field X is called to be positively (resp. negatively) ε-shadowed in average by the orbit of X through a point x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that lim sup
Given an isolated set Λ of a vector field X ∈ X 1 (M ), we say that X has the average shadowing property in Λ, if for any ε > 0 there is a δ > 0 such that every δ-average-pseudo orbit of X in Λ is both positively and negatively ε-shadowed in average by some orbit of X in Λ. If Λ = M , then we say that X has the average shadowing property.
Now we consider a double-infinite sequence (x i ) i∈Z to introduce the two-sided limit shadowing property. A sequence {(x i , t i )} i∈Z is called a (two-sided) limitpseudo orbit of a vector field X, if t i ≥ 1 for every i ∈ Z and
A limit-pseudo orbit {(x i , t i )} i∈Z of X is called to be positively (resp. negatively) shadowed in limit by an orbit of X through a point x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that
Given an isolated set Λ of X ∈ X 1 (M ), we say that X has the limit shadowing property in Λ, if every limit-pseudo orbit in Λ is both positively and negatively shadowed in limit by an orbit of X in Λ. If Λ = M , then we say that X has the limit shadowing property.
In [4] , Gu introduced the notion of the asymptotic average shadowing property for flows which is a generalization of the limit shadowing property in random dynamical systems. A sequence {(x i , t i )} i∈Z is called an asymptotic average-pseudo orbit of X, if t i ≥ 1 for every i ∈ Z and
An asymptotic average-pseudo orbit {(x i , t i )} i∈Z of X is called to be positively (resp. negatively) asymptotically shadowed in average by an orbit of X through x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that
Given an isolated set Λ of X ∈ X 1 (M ), we say that X has the asymptotic average shadowing property in Λ, if every asymptotic average-pseudo orbit in Λ is both positively and negatively asymptotically shadowed in average by some real orbit of X in Λ. If Λ = M , then we say that X has the asymptotic average shadowing property.
In this article, we prove that several shadowing properites imply non-existence of an attractor for a given C 1 -vector field. In addition, we focus on the notion of the two-sided limit shadowing property with a gap. The concepts of the topological transitivity and shadowing property follow the notion.
Main Results
In this paper we consider a vector field X ∈ X 1 (M ), where M is a closed Riemannian manifold of dimension n ≥ 3 and Λ is an isolated set of M which is not a periodic orbit or a singularity.
Let Λ be a compact invariant subset of M and X ∈ X 1 (M ). The basin B(A) of A with respect to a vector field X is defined by the set {x ∈ M |ω X (x) ⊆ A}. We say that a compact invariant set Λ is attracting if there is an open set U such that X t (U ) ⊂ U for all t > 0 and Λ = t≥0 X t (U ). An attractor of X is a transitive attracting set of X. An attractor for −X is called a repeller. If ∅ = Λ ⊆ B(Λ) M , then Λ is called a proper attractor or repeller. A sink (source) of X is a attracting (repelling) critical orbit of X. A point x ∈ M is called a chain recurrent point if for any ǫ > 0 there exists an ǫ-pseudo orbit of X from x to x. A subset A ⊂ M is called a chain recurrent set if any x ∈ A is a chain recurrent point.
It is obvious that chain transitivity implies non-existence of sinks and sources in Λ. In [7] , Ribeiro showed that if a C 1 -vector field has the limit shadowing property in an isolated subset of a closed manifold M then it has no proper attractor. He also showed that an invariant set is chain transitive if and only if it does not contain proper attractors.
In this section, we first deal with the notions of several shadowing properties related to the non-existence of attractors. We focus on the notions of the average shadowing property, the asymptotic average shadowing property and the two-sided limit shadowing property with a gap. Theorem 2.2. Let Λ be an isolated set of X. If X has the average shadowing property in Λ then Λ has no proper attractor for X.
Proof. Assume that there is a proper attractor A ⊂ Λ. Then A = ∅ and Λ \ B(A) = ∅. Since A is an attractor, we can take an attracting
and a ∈ A. Consider the sequence {(x i , t i )} i∈Z constructed as follows:
It is easy to see that for any n ≥ N δ and any
Thus the above sequence {(x i , t i )} i∈Z is a δ-average-pseudo orbit of X in Λ. Suppose that the sequence {(x i , t i )} can be both positively and negatively ǫ0 2 -shadowed in average by the orbit of X through some point z ∈ Λ, that is, there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that lim sup
Thus we have the following two facts ( †):
(1) There are infinitely many positive integers i such that
There are infinitely many positive integers i such that
Thus,
This is a contraction. Hence (1) holds. The proof of (2) is similar to that of (1). Since A is an X t invariant set, by (1), 2 ) for all t > 0. Here we can take t = −h(t * i ). Then z ∈ U (A, 
This is a contraction, which finishes the proof.
Theorem 2.3. Let Λ be an isolated set of X. If X has the aspmptotic average shadowing property in Λ then Λ has no proper attractor X.
2 ) of A such that U (A, ǫ 0 ) ⊂ B(A). Choose b ∈ Λ \ B(A) and a ∈ A. Consider the sequence {(x i , t i )} i∈Z constructed as follows:
with i ∈ Z. It is easy to see that
Thus the above sequence {(x i , t i )} i∈Z is an asymptotic average-pseudo orbit of X in Λ. Hence it can be both positively and negatively asymptotically shadowed in average by an orbit of X through some point z ∈ Λ ,that is, there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that
Then we also have the facts ( †) in Theorem 2.2. Therefore, by following the same procedure in the proof of Theorem 2.2, we can obtain
This is a contraction.
We say that a sequence {(x i , t i )} i∈N is a positive limit-pseudo orbit of X, if t i ≥ 1 for every i ∈ N and lim
Given an isolated set Λ of X ∈ X 1 (M ), the vector field X has the positive limit shadowing property in Λ, if every positive limit-pseudo orbit in Λ is positively shadowed in limit by an orbit of X in Λ. If Λ = M , then we say that X has the positive limit shadowing property. Definition 2.4. A (two-sided) limit-pseudo orbit {(x i , t i )} i∈Z of X is (two-sided) limit shadowed with gap K ∈ R for X if there exists a point z ∈ M satisfying
where
Let Λ be an isolated set of X ∈ X 1 (M ). For N ∈ [0, ∞), we say that X has the (two-sided) limit shadowing property with gap N in Λ if every (two-sided) limit pseudo-orbit of X in Λ is (two-sided) limit shadowed with gap K ∈ R with |K| ≤ N . If such an N ∈ [0, ∞) exists, we also say that X has the (two-sided) limit shadowing property with a gap in Λ.
It is easily showed that the (two-sided) limit shadowing property with gap 0 implies the notion of (two-sided) limit shadowing property. To prove the nonexistence of an attractor, we need lemmas. From the definition of the shadowing property with a gap, it is obvious that the property implies the positive limit shadowing property.
Lemma 2.5. Let Λ be an isolated set of X ∈ X 1 (M ). If X has the (two-sided) limit shadowing property with a gap in Λ, then X and −X have the positive limit shadowing property.
For each x ∈ M the stable set of x is the set
and the unstable set of x is the set
Next lemma plays an important role to prove the non-existence of an attractor.
Lemma 2.6. Let Λ be an isolated set of X ∈ X 1 (M ). If X has the (two-sided) limit shadowing property with gap N in Λ, then for every x, y ∈ Λ there is a K ∈ R, with |K| ≤ N , satisfying
Proof. Consider the following sequence:
Clearly the sequence {(z i , t i )} i∈Z is a (two-sided) limit-pseudo orbit of X. Thus there exist z ∈ Λ and
That is,
Thus, by the continuity of distance, we have that
Theorem 2.7. Let Λ be an isolated set of X ∈ X 1 (M ). If X has the the (two-sided) limit shadowing property with gap N in Λ, then Λ has no proper attractor for X.
Proof. Assume that there is a proper attractor A ⊂ Λ. Then there is a neighborhood U of A such that A = t≥0 X t (U ) and X t (U ) ⊂ U . Let B = t≥0 X −t (Λ−U ). Choose a ∈ A and b ∈ B. By Lemma 2.6, there is a z ∈ W
there is a sufficiently large T > 0 such that X −T (z) ∈ U and X T (z) ∈ Λ − U . This contradicts the definition of U .
Finally, we characterize the notion of the (two-sided) limit shadowing property with a gap. The property is stronger than the notions of transitivity and shadowing property as we shall see. Let Λ be an isolated set of X ∈ X 1 (M ). We say that X is topologically transitive in Λ if for any nonempty open subsets U and V of M there is some t ∈ R such that X t (U ) ∩ V = ∅. If Λ = M we simply say that X is topologically transitive. From the definitions, the following lemma is directly proved.
Lemma 2.8. Let Λ be an isolated set of X ∈ X 1 (M ). If X is chain transitive and has the shadowing property in Λ, then X is topologically transitive in Λ.
We obtain the following theorem which expresses the relation between the notions of chain transitivity, limit shadowing property and shadowing property in a flow version. The next proposition is essential to prove the last theorem which is dealt with the notion of limit shadowing property with a gap. Following the proof of Theorem 7.3 in [6] we prove the following. Proposition 2.9. Let Λ be an isolated set of X ∈ X 1 (M ). If X is chain transitive and has the positive limit shadowing property in Λ, then X has the shadowing property.
Proof. Suppose on the contrary that X does not have shadowing. Then there is ǫ > 0 such that for any n ∈ N there is a finite 1 n -pseudo orbit α n = {(x n,i , t n,i )} which cannot be ǫ-shadowed by any point in Λ. Using chain transitivity, for every n there exists a 1 n -pseudo orbit β n = {(y n,i , t n,i )} such that the sequence α n β n α n+1 forms a finite 1 n -pseudo orbit. Then the infinite concatenation α 1 β 1 α 2 β 2 α 3 β 3 . . .
is a positive limit-pseudo orbit denoted by {(x i , t i )} i∈N . By positive limit shadowing property, it is positively ǫ-shadowed by some point z ∈ Λ. So, there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that i=−n t i , n ∈ N. Therefore there is N ∈ N such that for every i ≥ N , si+1 si d(X h(t) (z), X t−si (x i ))dt < ǫ.
Thus, for each i ≥ N , we have d(X h(t) (z), X t−si (x i )) < ǫ for all s i ≤ t ≤ s i+1 .
This means that there is a finite pseudo orbit α n which is ǫ-shadowed by some point, which is a contradiction. Now we are ready to prove the following theorem. Theorem 2.10. Let Λ be an isolated set of X ∈ X 1 (M ). If X has the the (twosided) limit shadowing property with a gap in Λ, then X is topologically transitive and has the shadowing property in Λ.
Proof. By Lemma 2.5 X has the positive limit shadowing property. Also, Proposition 2.1 and Theorem 2.7 say that X is chain transitive. Then, by Lemma 2.8 and Proposition 2.9, we conclude that X is topologically transitive and has the shadowing property in Λ.
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